
H Y P O E L A S T I C  F O R M  

E L A S T I C I T Y  T H E O R Y  

E .  I .  R o m e n s k i i  

O F  E Q U A T I O N S  IN N O N L I N E A R  

UDC 539.3 

It is shown that the complete sys tem of equations of e las t ic i ty  theory  for an isotropic medium 
admits  a unique representa t ion in the hypoelastic fo rm (the tensor  of the rate of change of 
s t r e s s e s  is a l inear function of the tensor  of s t rain ra tes  with coefficients depending on the 
invariants of the s t r e ss  tensor) .  It is neces sa ry  to this end that the hypothesis be satisfied 
on the determinat ion of s t rains  by s t r e s s e s  which are  unknown. Any a rb i t r a r ines s  in the 
choice of the coefficients of the hypoelastic relat ion may resul t  in the thermodynamic  identity 
being infringed. 

To descr ibe deformation p roces se s  of a medium one usually uses  such tensor  express ions  as s t rain 
tensor ,  s t r e s s  tensor ,  s t ra in-ve loc i ty  tensor ,  tensor  of the rate of change of s t r e sses .  In construct ing a 
determining sys tem of equations of motion for the medium a relat ion is established to complete the sys tem 
between any tensor  quantities as shown above. The most often used fo rms  of such a relat ion are  now enu- 
merated  [1]. 

Hyperelas t ic  Medium. The existence is assumed of an elast ic potential (of inner energy for adiabatic 
processes)  which depends on the s t ra in  tensor  by means of which the s t r e ss  tensor  is determined. 

Elast ic  Medium. The s t r ess  tensor  is given as a function of the s t ra in  tensor.  

Hypoelastie Medium. The tensor  of the rate of change of s t r e s se s  is given as a l inear function of the 
tensor  of s t ra in  veloci t ies  the coefficients depending on the s t r e s s  tensor .  

It can be shown that with such a c lass i f icat ion an elast ic  medium is also a hypoelastie one, and the 
hyperelas t ic  medium is elast ic  as well as a hypoelastic one. Moreover ,  if one s ta r t s  with the thermodyna-  
mic identity which must hold for a hyperelas t ic  medium (s imilar ly  as in the case of gaseous media the 
thermodynamic identity dE = - p d v  + TdS takes place) then such a hyperelas t ic  medium uniquely determines  
the elast ic  and the hypoelastic relat ions.  

An adiabatic deformation is considered of a hyperelas t ic  isotropic medium by assuming that the inner 
energy depends on three independent invariants of the tensor  of the Cauchy s t ra ins  gij and on the entropy 
S. The independent invariants chosen by us are  

K1 = g n  ~ g22 -1- ga3 

K~ = gngle ] g~g2z g~lg22 "!- gz2gaz [I ' gzzgZlglzgn 1 
K3 = de~ [I g~J II 

If the notation h i = - l / 2  in gi is used where gi are  the principal  values of the tensor  gij then the 
thermodynamic  identity is 

pdE (hi, h2, hs, S) = oldhl q- (r2dh2 + c~3dh~ + pTdS 

In the above p is the density of the medium, (r i a re  the principal values of the s t r e s s  tensor ,  T is 
the t empera tu re  (see, for example, [2]). The tensor  II hi] I[ = - 1 / 2  In II gijtl is called the Hankey strain 
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t ensor .  As r e g a r d s  the t en s o r  gij in a coordinate  sy s t em independent of the pr inc ipa l  axes  of the s t ra in  
tensor ,  the equation is obtained for  the s t r e s s  t ensor ,  namely  

oE ai~ = - -  2 p  ~ g ~  Og~ 

These  Murnaghan fo rmulas  give the s t r e s s  t en so r  in t e r m s  of the s t r a in  t ensor ,  that  is, they a r e  
e las t ic  re la t ions  for  the  hypere las t i c  medium under considerat ion.  The densi ty  is ca lcula ted  by the fo rmula  
p,= P0K31/3 where  P0 is the density of the unst ra ined medium. In our fu r ther  cons idera t ions  ma t r i x  notation 
is used; thus by using the notation 

OE OE I] 

one obtains the Murnaghan fo rmulas  in the m a t r i x  notation, 

~] = 0E (2) - -  2p -b-~ G 

The use  of the the rmodynamic  identity (1) whose co ro l l a r i e s  a r e  the Murnaghan fo rmu la s  (2) enables  
one to formula te  a comple te  s y s t e m  of different ia l  equations for  the nonlinear  e las t i c i ty  theory ,  

p dE/dt - -  r = 0 (3) 

pdui/dt - -  OcrJOx s = 0 (4) 

dg:j/dt + gi~Ou~/Oxj q- g:~Ou-~/Ox~ = qgi~ (5) 

In the above d / d t = O / ~  +uc~ ( 0 / a x a )  denotes the der ivat ive  along the t r a j e c t o r y  of the motion. 
Equation (3) is the law of energy  conservat ion,  Eq. (4) the momentum equation, Eq. (5) desc r ibes  the t ime 
change of the s t r a in  tensor .  The t ensor  ~ij is the veloci ty  t enso r  of p las t ic  deformat ions .  The model can 
be made complete  with the aid of Maxwell v i scos i ty  which ensu re s  re laxa t ion  of the tangential  s t r e s s e s .  If 
the deformat ion  of the medium takes  place in the e las t ic  domain only one should a s sume  ~ij =0; there fore ,  
subsequent r e su l t s  a r e  val id for  the e l a s t i c - m e d i u m  model with no need for  additional assumpt ions .  

The actual  f o r m  of ~0ij is not d i scussed  since this  was done in [2]. We only notice that ~ij a re  the 
" f i r s t  t t e r m s  of the different ia l  equations,  that  is, they do not contain any der iva t ives .  

One fact,  however,  should be noted; in view of the s y s t e m  of Eqs.  (3)-(5) the the rmodynamic  identity 
(1) impl ies  the law of inc reas ing  ent ropy [2], 

dS/dt  = ~r > 0 (6) 

Equation (6) can be obtained as  a l inear  combinat ion of Eqs.  (3)-(5). The r igh t -hand  side ~ then 
r e p r e s e n t s  the cor responding  combination of the r ight -hand sides r (if r =0 then u =0). 

The s y s t e m  of equations of the nonlinear e las t ic i ty  theory (3)-(5) can a lso  be wri t ten  in a hypoelast ic  
form;  to this end one has to p roceed  f r o m  Eqs. (5) which descr ibe  the t ime change of the s t ra in  t ensor  to 
equations which desc r ibe  the t ime  change of the s t r e s s  tensor .  A v e r y  genera l  f o r m  which const i tu tes  a 
bas i s  for va r ious  models  of hypoelast ic  re la t ions  can be found in the su rvey  [3], namely  

dY/dtq-  Y. Uq- U *~. = ~0Itr W -t- cciW-~ a.~ Y trW q- 
q-cr tr (Y, W) § x/2~4 (~ W q- W ~.) q- cr tr Wq-~6 ~. tr (Y~ W) -t- 

§ aTItr (Y2W) q- ~/~ as(E2W + WY~ 2) + a9 y.~ tr (ZW) q- a~oZ tr (Y2W) q- a~Z2tr(Z2W) (7) 

u =  II ~ ,J  II - -  II 0~/ax~ 11, w = 'h (u  + u*) 

where s0, c~ l . . . . .  ~11 a re  any continuous s c a l a r  functions of the three  pr incipal  invar iants  of the ma t r ix  
2 : t r  2 ,  t r  ~,2, t r  ~ 3. The model of the hypoelast ie  medium depends on the choice of the a r b i t r a r y  coeff icients  
c~ i. The t he rmodynamics  of such models  is st i l l  at  p resen t  not e lea r .  

It will be shown below that Eqs.  (5) and (6) together  with the Murnaghan fo rmu la s  (2) imply (if the 
p las t ic  t e r m s  qgij a r e  ignored) hypoelast ic  re la t ions  where  the coeff icients  c~0, ~l ,  - �9 c~11 a re  computed 
by specif ic  fo rmulas  resul t ing  f r o m  the the rmodynamics  of the equations.  

Equation (5) is r ewr i t t en  in ma t r ix  fo rm as  

dG/dt = - - G U  - -  U*G § (P, r : llcp~jII (8) 
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U s i n g  the  e x p r e s s i o n s  fo r  the  i n v a r i a n t s  K p  K2, K 3 in t e r m s  of  the  gi j  it  c an  be shown tha t  

OKz/OG = I ,  OK2/aG = K J  - - G ,  aK3/OG = G 2 - K1G + K2!  (9) 

M o r e o v e r ,  it  f o l l ows  f r o m  the  C a y l e y - H a m i l t o n  t h e o r e m  f o r  the  m a t r i x  G tha t  any  i n t e g r a l  p o w e r  
of  the  m a t r i x  G can  be r e p r e s e n t e d  b y  a s e c o n d - d e g r e e  p o l y n o m i a l  in the  m a t r i x  G with c o e f f i c i e n t s  d e p e n d -  

ing on ly  on the  t n v a r i a n t s  KI, K2, K 3. 

By u s i n g  {2) and (9) the  M u r n a g h a n  f o r m u l a s  a r e  t r a n s f o r m e d  into 

E = lo I + llG + 12G: (10) 

, K  a E \  . . . .  OE =--2ooK3V , ( ~ _  , ~ ) ,  
. . . . .  OE 

12 = Zp0/%/'-a--~2 (11) 

It i s  exped i en t  to  c o n s i d e r  the  i n v a r i a n t s  t r  G, t r  G 2, t r  G 3 s ide  by  s ide  with the  i n v a r i a n t s  Ki ,  K2, K 3 
which  a r e  r e l a t e d  b y  

K1 = t rG ,  Ks = 1/,2[(trG) 2 - t r G 2 ] ,  K3 = 1/6[(trG) : ~ -  

- - 3 t r G t r G  s + 2 t r G  3] 

E q u a t i o n s  (8) then  y i e l d  

d t r G / d t  = - - 2 t r ( G W )  + t r Y ,  d t rG2 /d t  = - - 4 t r { G 2 W )  + 2 t r ( d ~ )  

d tr  G3/dt = - -  6K3 tr W § 6K~ tr (GW) - -  6K~ tr (GzW) + 3tr (G~q)), dK1/dt = - -  2tr (GW) § tr (I) 

dK~/dt = - -  2K 1 tr (GW) + 2tr (G2W) + tr [(KaI - -  G) (l)], 

dKs/dt = - -  2K3 tr W + tr (G-lcI)) (12) 

It i s  no ted  tha t  s i n c e  the  equa t ion  K 3 i m p l i e s  the  c o n t i n u i t y  equa t ion  then  the  i d e n t i t y  

tr (G-~(I)) = 0 

m u s t  be va l i d ;  the  l a t t e r  was  c o n s i d e r e d  in [2] a s  a c o n s t r a i n t  on the  m a n n e r  of  i n t r o d u c i n g  the  r e l a x a t i o n  

t e r m s  ~0ij. 

The  equa t ion  f o r  the  t i m e - c h a n g e  of  the  s t r e s s  m a t r i x  i s  now ob ta ined .  It f o l l ows  f r o m  (10) tha t  

dEdt --  11 ._dT_ + l~ __~ G _[_12G __~__~ \_5_ff[ l + ~ . . (  G 4_ ..~..( dG dG ( Olo . Ol~ - 015 ) T _~ l . . ~  f ..~_ /dlo Oh G -~- --~012 G~ ~] ...d~dS 

Using  (6), (8), (12) one o b t a i n s  

d__~_~ = _ EU - -  U*E d- 41oW - -  21~GWG ~- Qo tr W + Q1 tr  (GW) + Q~ t,r (G2W) + W (13) 
dt 

Q~ = qijG j ( i , j = 0 , 1 , 2 )  

Olo ^ .  01l 
qoo = - -  2K3 ~ qoz = - -  ~/~3 ~ ,  qo2 = - -  2 K 3 0 l ~  ' OKa 

q16 = - -  2 \ OK~ + K s - ~ R T ] ,  q n  = - -  2 ,  OK, -~- K1 --~-~),  

q,~ = - -  2 (-5-~F d- -.1 --s / (14) 

Olo - Oh Ol~ 

= - -  -~- Q~ tr  (Gr 

The  r i g h t - h a n d  s ide  of (13) i s  now t r a n s f o r m e d  u s i n g  a g e n e r a l i z a t i o n  of  C a y l e y - H a m i l t o n  f o r m u l a  

( see ,  fo r  e x a m p l e ,  [3]), 

GWG = - - G ~ W - -  WG e + Kz (GW + WG) - -  K~W + 
+ (G 2 - K t G  ~- K J )  tr W + ( G - -  g ~ I )  t r ( G W )  § I t r  (G~W) 

Then  (13) c a n  be  r e w r i t t e n  a s  
dY,/dt = - -Y ,U - -  U'Y, + 2 (210 + K2l~) W - -  2K~12 (GW + 

+ WG) + 212 (G2W ~- WG 2) -~ Ro tr W + R~ tr (GW) § R~ tr (G~W) + W 

Ri  = rug  ~ (i, ] = 0, 1, 2) (15) 
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r oo  = qoo  - -  2 K ~ 1 2 ,  ro~ = qol +2K~l~, ro~ = qo~ - -  21z 

1"1o = q~o + 2Kl12, r~  = qli - -  2l~, r12 = q12 

1"2o = q2o - -  2t~, r~  = q~,  r~2 = q~2 

The  a b o v e  c a n  be  w r i t t e n  in a f o r m  s i m i l a r  to (7), 

d X / d t  + Y U  + U*X = go l  tr  W + ~ I W  + ~ G t r W  + 
+ ~aI tr (GW) + i/~f~a ( G W  + WG) + ~aG ~ tr W + fieG tr(GW) + 

+ J~I tr (G~W) + 1/e~3s(G2W + W G  2) + f~G ~ tr (GW)  + ~ 0  G tr (G2W) + f3nG ~ tr(G~W) ~- 
(16) 

~o ---- roo, ~1 = 2 (2/o + K2l~), ~2 = rol, ~ = rio, ~ ,  = - -  4K~12, 

J~5=ro2,  j 3 , =  r11, ~,----r~o, gs = 4 l ~ ,  ~9 = r ~ ,  ]31o = r~l , (17) 
~u = r~ 

Thus  a r e l a t i o n  c l o s e  to  the  h y p o e l a s t i c  one has  been  o b t a i n e d  which d i f f e r s  f r o m  (7) in tha t  the  r i g h t -  
hand  s ide  of (16) d e p e n d s  on G and  not on Z.  The c o e f f i c i e n t s  /30, fil . . . .  , /311 a s  we l l  a s  the  d e r i v a t i v e s  of 
the  e n e r g y  a r e  un ique ly  d e t e r m i n e d  by  the  i n v a r i a n t s  K1, K2, K 3. 

The  m a t r i x  q~ d e s c r i b e s  the  a t t e n u a t i o n  of  t a n g e n t i a l  s t r e s s e s ;  on ly  in the  c a s e  of e l a s t i c  s t r a i n s  one 
s e t s  �9 =0.  

It i s  u s u a l  when c o n s t r u c t i n g  a c o m p l e t e  s y s t e m  of equa t ions  to  p r o c e e d  f r o m  the  r e l a t i o n s  (7) to  the  
con t inu i ty  equa t ion  and  to  the  equa t ions  fo r  the  d e v i a t o r  of  the  s t r e s s  t e n s o r ,  Z ,  = y - 1 / 3  I t r  Z which can  
be  ob t a ined  f r o m  (7), 

d~ ' /d t  + ~/2E' ( U - -  U*) - -  ~/2(U - -  U*):E' = a~ ( W  - -  1/3I tr  W) + 
+ a2X' tr W + a~ ( Z ' W  + W X '  - -  2/3I tr  (Y.'W~) + 
+ a ,  (X '~ - -  1/3I tr  X '2) tr  W + as y.' t r  (Z 'W) + as(X'*W + (18) 
+ W X ' 2 - - ~ / 3 l t r  (X'2)) + a7 (y ,2 _ 1/~ I tr X '~) tr  (E 'W) + 
+ as y,' t r  (E'~W) + a9 (X '2  _ x/~ I tr X'~) tr  (E'2W) 

w h e r e  the  c o e f f i c i e n t s  a i  a r e  d e t e r m i n e d  b y  the  c o e f f i c i e n t s  ~ i  in Eq. (7). 

Equa t ion  (16) can  be  w r i t t e n  in the  f o r m  (18). To t h i s  end a h y p o t h e s i s  is  r e q u i r e d  tha t  the  s t r a i n  
t e n s o r  can  be  c o m p u t e d  f r o m  the  s t r e s s  t e n s o r  with the a i d  of the  equa t ion  of  s t a t e  ( for  the  e n t r o p y  r e -  
m a i n i n g  cons tan t ) .  The  h y p o t h e s i s  is  f o r m u l a t e d  a s  fo l lows :  

1) fo r  a f i xed  d e v i a t o r  of  the  s t r e s s  t e n s o r  the  d e n s i t y  c a n  be  c a l c u l a t e d  f r o m  the known p r e s s u r e ;  

2) fo r  a f i xed  d e n s i t y  the  d e v i a t o r  of  the  s t r a i n  t e n s o r  can  be c a l c u l a t e d  f r o m  the known d e v i a t o r  of  
the  s t r e s s  t e n s o r .  

An  e x a m p l e  of  an equa t ion  of  s t a t e  i s  now g iven  which  s a t i s f i e s  t h e s e  r e q u i r e m e n t s .  In the  p r i n c i p a l  
a x e s  of the  t e n s o r  h ik  one has  

o~ = pEn~ (hi, h~, ks, S), p = P0 exp [ - -  (h 1 + h 2 + h~)] 

Le t  us  c o n s i d e r  the  s t a t e  equa t ion  

One f inds  

Hence  

E = E (o~(p,S) + 2 / ( p , S )  D 

D = 1/2 (dl~ + d~ 2 + d32), d~ = h~ - -  1/3 (h I -~- h 2 2 7 hs)  

z~ = - -  p (p, D, S) + 2 / ( p , S )  d~ 

p (p, D, S) = - -  1/3 (gl + (Is + (~s) = p~E(p ~ + 2P2]~ D 

i ( . i + * ~ + * , )  

which i s  an  i l l u s t r a t i o n  of p a r t  2) of the  h y p o t h e s i s .  
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Moreover ,  
3 

p p2~o)(p, S) + 4t,(p, s) .= 

and for  pa r t  1) of the hypothesis  to be val id  one needs 

Oplap :#:.0 

It is usual  when using the hypoelas t tc  re la t ions  on the r ight -hand side of Eq. (18) to neglect  the t e r m s  
containing Z, and higher powers  of Z ' .  The complete  s y s t e m  of equations is then (see, for  example ,  [4]) 

dp Oul dui Op Oai i' 
-~ -+P-~ - j  5 1 j = 0 , - -  O T  '+  O~ 0~j ~ O  

dE aui , au4 

dzti' B% Buj { Bu i Ou a ~ "/Oui Ou i 2 Bun 5a~Stj~ 
/ 

(19) 

where  g is identical with a 1 in (18). In the model (19) one usual ly  a s s u m e s  that  g =p  (p). The t he rmodyna -  
mic p r o p e r t i e s  of the equations a re  infringed as  a r e su l t  of neglecting the t e r m s  with Z ' .  Whereas  for  the 
sys t em (3)-(5) the conserva t ion  law holds for  the en t ropy (6), if the v iscous  t e r m s  a re  neglected, for  the 
sy s t em (19) with the equation of s tate  E =E (p, a i j ' ,  S) one has p = p2Ep 

dS dE dp OE d~j' 1 , Ou~ 5 ' OE [ Ouk Ou~ 

bt OE ( Oui Ouj \ 2~ ( OE OE + OE ~ [ Ou, Ou2 Oua \ 
p 

In view of the fact  that  the t e r m s  with E '  a re  neglected,  the r ight -hand side of the above equation is 
not equal to ~ on the r ight -hand side of (16). In pa r t i cu la r ,  for  pure ly  e las t ic  p r o c e s s e s  (~ij =0) the law 
of conserva t ion  of en t ropy does not hold for  the solutions (19). 

Thus the s y s t e m  (3)-(5) can be reduced to a hypoelast ic  f o r m  if the s t r a in  t enso r  can be ca lcula ted  
f rom the s t r e s s  tensor .  The coeff icients  appear ing  in the hypoelast ic  f o r m  can be uniquely evaluated f r o m  
the s tate  equation. A r b i t r a r i n e s s  in the choice of coeff ic ients  may resu l t  in an infr ingement  of t h e r m o -  
dynamics .  The s y s t e m  (3)-(5) has a more  suitable f o r m  for  computat ions  than i ts  hypoelast ic  f o r m  since 
s t r a ins  can be e x p r e s s e d  by s t r e s s e s  only for  s imple  f o r m s  of the equations of s tate.  

The author  would like to exp re s s  his thanks to V. F. Kurapatenko,  V. A. Svidinskii, and S. K. Godunov 
for  the in te res t  they have taken in this  work and the i r  c r i t i ca l  r e m a r k s .  
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